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Notations

Ly:=HV =XV, H=-0>+V(x), VeK.

A C C: set of eigenvalues A such that L) is integrable.
A ={AeANR:A>0} A ={AeAnR: A <0},
Ly: Picard-Vessiot extension of L.

Gal(Ly/K): differential Galois group of L.

The set A will be called the algebraic spectrum (or
alternatively the Liouvillian spectral set) of H.

A can be 0, i.e., Gal(Ly/K) = SL(2,C) VA € C.
If Ao € A then (Gal(Ly,/K))° C B.
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Algebraically Solvable and Quasi-Solvable Potentials

We say that the potential V(x) € K is:
> an algebraically solvable potential when A is an infinite
set, or

When Card(A) = 1, we say that V(x) € K is a trivial
algebraically quasi-solvable potential.

Assume K = C(x).
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Algebraically Solvable and Quasi-Solvable Potentials

We say that the potential V(x) € K is:
> an algebraically solvable potential when A is an infinite

set, or

> an algebraically quasi-solvable potential when A is a

non-empty finite set, or

» an algebraically non-solvable potential when A = ().
When Card(A) = 1, we say that V(x) € K is a trivial
algebraically quasi-solvable potential.

Examples. Assume K = C(x).

1.

If V(x) = x, then A =10, V(x) is algebraically
non-solvable.

. If V(x) =0, then A =C, i.e., V(x) is algebraically

solvable.

V() =%+ 1 then A\={n:neZ}, V(x)is

4
algebraically solvable (Weber's equation).

. If V(x) = x* — 2x, then A = {0}, V(x) is algebraically

quasi-solvable (trivial).
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Iso-Galoisian Transformations

Let be L, [,~, pairs of linear differential equations defined over
differential fields K and K respectively, with Picard-Vessiot
extensions L and L. Let ¢ be the transformation such that
L L, K Kand L L, we say that:

1. ¢ is an iso-Galoisian transformation if
Gal(L/K) = Gal(L/K).

IfL=Land K =K, we say that ¢ is a strong
iso-Galoisian transformation.

2. @ is a virtually iso-Galoisian transformation if

(Gal(L/K))® = (Gal(L/K))°.
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Schrodinger Equation with Rational Potentials

Schrédinger Equation with Polynomial Potentials

Theorem (Polynomial potentials and Galois groups)

Let V(x) € C[x] a polynomial of degree k > 0.
Then

1. Gal(Ly/K) = SL(2,C), or,
2. Gal(Ly/K) =B.

| \

Corollary

Assume that V/(x) is an algebraically solvable polynomial po-
tential. Then V/(x) is of degree 2.

v

Remark. When a polynomial potential is algebraically
solvable or quasi-solvable, then the Galois group of the
Schrédinger equation is exactly the Borel group (triangular).
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Rational Potentials and Kovacic's Algorithm

Three dimensional harmonic oscillator potential

V(r)=r?*+

o(0+1)

r2

—(2¢+3),

{eZ.
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Rational Potentials and Kovacic's Algorithm o Integrabiity of
Schrédinger
Three dimensional harmonic oscillator potential Equatiogn
Juan J.
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V(r)=r"+ > —(20+3), (e€Z

The Schrédinger equation is SSE in C(x)
l(e+1
PV = <r2+(+2)—(2£+3)—x) v
r

Applying Kovacic's algorithm we obtain A = 27 and the
eigenfunctions (considering only \ € 47):

(r) = rf+1P2()% Ae A,
(r) = rtPa(r )e%, Ae A,
W(r) = Py (r)e z’ e,
(r)

2
= rtPy(r)ez, XeA
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Bound states.

2

—r

Wo(r) = r"*Py,(r)e2, X e€4N.

Galois groups. For A € 4Z we have that Gal(L,/K) = B.

Relationship with Whittaker equation. Schrédinger equation
with the 3D-harmonic oscillator potential, through the
changes r — 1wr? and W \/rV, fall in a Whittaker
differential equation in where the parameters are given by

(20 +3)w + 2E lé—i—l
K= = — —.
4 e N

Applying Martinet-Ramis theorem, we can see that for

integrability, +x + p must be a half integer.
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Darboux Transformation

Theorem (Darboux)

Assume Hy = 02 + Vi(x) and N # (. Let L, given
by H w(=) = M) with V. (x) € K and L, given by
How() = A with Vi(x) € K. Let DT be the trans-
formation such that £y — Ly, V_ — Vi, V) s W),
Then

1. DT(V_) = V, = gyag(w )+A1
A1

V_ —202(In \Ilg\:)), where \U&:) is a particular solution

Ofﬁ)\l, )\1 cA.
2. DT(w(‘)) v = 007 — o (nw§ v =
wws) v

— Ll , A # A1, where \Il( ) and \II( ) are the
w(ul))

general so/utions of Ly and Ly for X € A\ {\1}.
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Proposition
DT is isogaloisian and virtually strong isogaloisian. Further-
more, if Ox(In \Ifg\:)) € K, then DT is strong isogaloisian.

SSE in C(x)

Proposition

The supersymmetric partner potentials V1 are rational func-
tions if and only if the superpotential W is a rational function.

| \

Corollary

The superpotential W € C(x) if and only if DT is strong
isogaloisian.

v




Galoisian Approach

Rational Shape Invariant Potentials. Assume R
Vi(x; n) € C(x; 1), where p is a family of parameters. The Fauation
potential V = V_ € C(x) is said to be rational shape oan )

invariant potential with respect to p and E = E, being
n € Z, if there exists f such that Ey =0,

n+1 SSE in C(x)

Vi(xia0) = Vo (x;a1)+R(a1), a1 =f(a0), En=>_ Rl(ax).

Theorem

Consider £, := HV() = E,W(5) with Picard-Vessiot exten-
sion L,, wheren € Z.. If V = V_ € C(x) is a shape invariant
potential with respect to E = E,;, then for n > 0,

>
||
N

Gal(Lp1/K) = Gal(Ln/K).
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. . Galoisian Approach
An example of algebrization to Integrabiity of
Schrédinger
The Morse Potential. V(x) = e 22X _ omX, Equation
The Schrédinger equation HWV = AV is Juan J.

Morales-Ruiz
RV = (e —eX= NV

By the Hamiltonian change of variable z = z(x) = e™*, we
Obtain An example of

Oé(Z) = 227 /\7(2) = 22 — Z. algebrization
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An example of algebrization

The Morse Potential. V(x) = e™2¥ — e™*.
The Schrédinger equation HV = AV is

RV = (e —eX= NV

By the Hamiltonian change of variable z = z(x) = e™*

obtain

, We
a(z) =22, V()=2-=z
Thus, K = C(z) and K = C(e¥). In this way, the algebrized
Schrédinger equation HV = AV is
22V + 20,V — (2 — 2 — )\)\Tl = 0.

This equation (normalized) is transformable into a Bessel
equation and we can apply Kovacic's algorithm.
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An example of algebrization

The Morse Potential. V(x) = e™2¥ — e™*.
The Schrédinger equation HV = AV is

RV = (e —eX= NV

By the Hamiltonian change of variable z = z(x) = e™*

obtain

, we

a(z) =22, V()=2-=z

Thus, K = C(z) and K = C(e¥). In this way, the algebrized
Schrédinger equation HV = AV is

22V + 20,V — (2 — 2 — )\)\Tl = 0.

This equation (normalized) is transformable into a Bessel
equation and we can apply Kovacic's algorithm.

Algebraic Spectrum. A = {—n? : n > 0} = spec,(H). Also
obtained with Bessel equation.

Galoisian Approach
to Integrability of
Schrédinger
Equation

Juan J.
Morales-Ruiz

An example of
algebrization



Plan

Motivation: Schrédinger Equation and Shape Invariance

Preliminaries for the Galoisian Approach

Schrodinger Equation with Rational Potentials
An example of algebrization

References

«O> «Fr «E» «

i
v

nae



References

» P. B. Acosta-Humanez, “Galoisian Approach to
Supersymmetric Quantum Mechanics”, Phd Thesis,
Universitat Politecnica de Catalunya, 2009,
http://arxiv.org/abs/0906.3532.

Galoisian Approach
to Integrability of
Schrédinger
Equation

Juan J.
Morales-Ruiz

References



References

» P. B. Acosta-Humanez, “Galoisian Approach to
Supersymmetric Quantum Mechanics”, Phd Thesis,
Universitat Politecnica de Catalunya, 2009,
http://arxiv.org/abs/0906.3532.

» P. Acosta-Humanez & D. Blazquez-Sanz,
Non-Integrability of some hamiltonian systems with
rational potential, Discrete and Continuous Dynamical
Systems Series B, 10 (2008), 265-293.

Galoisian Approach
to Integrability of
Schrédinger
Equation

Juan J.
Morales-Ruiz

References



Galoisian Approach

References o Intogrability of

Schrédinger
Equation

Juan J.
» P. B. Acosta-Humanez, “Galoisian Approach to Morslesu

Supersymmetric Quantum Mechanics”, Phd Thesis,

Universitat Politecnica de Catalunya, 2009,

http://arxiv.org/abs/0906.3532.

» P. Acosta-Humanez & D. Blazquez-Sanz,
Non-Integrability of some hamiltonian systems with
rational potential, Discrete and Continuous Dynamical
Systems Series B, 10 (2008), 265-293.

References

» P. B. Acosta-Humanez, Juan J. Morales-Ruiz &
Jacques-Arthur Weil, Galoisian Approach to
integrability of Schrédinger Equation, Reports on
Mathematical Physics 67 (2011) 305 — 374.



	Motivation: Schrödinger Equation and Shape Invariance
	Preliminaries for the Galoisian Approach
	Schrödinger Equation with Rational Potentials
	An example of algebrization
	References

