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An example: The Frahm–Manakov top on so(n)

Ṁ = [M,Ω], Mij =
ai − aj
bi − bj

Ωij , 1 ≤ i <≤ n, M,Ω ∈ so(n)

A Lax representation with a spectral parameter λ (Dubrovin and
Manakov):

L̇(λ) = [L(λ),U(λ)], L = M+λA, U = Ω+λB, A = diag(a1, . . . , an)

• Theorem The solutions M are linearized on the Jacobian variety of the
spectral curve S = {|L(λ)− µI | = 0}.
• For n > 3 the genus g of S is bigger than the dimension d of generic
invariant tori:

n g d

3 1 1
4 3 2
5 6 4
6 9 6

• How to relate the Jacobian variety of S and the complex invariant tori ?
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• F. Schottky (1891): There is a linear relation between the
Frahm-(Manakov) top on so(4) and the Clebsch integrable case of the
Kirchoff equations on e(3) = {K , p} = R6:

K̇ = K × ∂H

∂K
+ p × ∂H

∂p
,

ṗ = p × ∂H

∂K

with the Hamiltonian

H1 =
1

2
(c1K 2

1 + c2K 2
2 + c3K 2

3 ) +
1

2
(b1p2

1 + b2p2
2 + b3p2

3),

b1 − b2

c3
+

b2 − b3

c1
+

b3 − b1

c2
= 0

and with the 3× 3 Lax representation with an elliptic spectral parameter

L̇(r) = [L(r),A(r)], Lij(r) = εijk

(√
r − ck Kk +

√
(r − ci )(r − cj) pk

)
.

The spectral curve |L(r)− Iy | = 0:

C : {y 2 = h2r 2 + h1r + h0 + 2h3

√
(r − c1)(r − c2)(r − c3)}.



The spectral curve

C :

y 2 = h2r 2 + h1r + h0 + 2h3

√
(r − c1)(r − c2)(r − c3)︸ ︷︷ ︸

Ψ(r)


covers the elliptic curve E : {w 2 = (r − c1)(r − c2)(r − c3)}.
The 2-fold covering C → E is ramified at 4 points Qi = (si ,

√
Ψ(si )),

si being the roots of the polynomial

ψ(r) = (h2r 2 + h1r + h0)2 − 4h2
3Ψ(r) = (r − s1)(r − s2)(r − s3)(r − s4) .

Hence genus(C )=3 (The Riemann–Hurwitz formula)
C admits an involution σ : C → C with 4 fixed points Q1, . . . ,Q4.

• L. Heine (1983): The complex (2-dim.) generic invariant varieties of
the Clebsch system are open subsets of the Prym varieties
Prym(C/σ) ⊂ Jac(C ) (the anti-symmetric part of Jac(C ) under σ).

• On the other hand, F. Kötter (1891) integrated the Clebsch system by
using the genus 2 hyperelliptic functions (no Pryms !).





Let

ψ(r) = (h2r 2 + h1r + h0︸ ︷︷ ︸
g(r)

)2 − 4h2
3Ψ(r) = (r − s1)(r − s2)(r − s3)(r − s4) .

F. Kötter (1891) gave a solution of the Clebsch system in terms of
theta-functions of the genus 2 curve

Γ = {w 2 = z(z − d2
1 )(z − d2

2 )(z − d2
3 )(z − d2

1 d2
2 d2

3 ) }

dα =

√
s3−cα√
ψ′(s3)

+ i
√
s4−cα√
ψ′(s4)

√
s1−cα√
ψ′(s1)

+ i
√
s2−cα√
ψ′(s2)

, α = 1, 2, 3

• Is this curve well defined ?
Observation: Changing signs of the roots may only lead to the
transformations

(d2
1 , d

2
2 , d

2
3 )→ (1/d2

1 , 1/d2
2 , 1/d2

3 ) or → (d2
1 , d

2
2 , 1/d2

3 ) or→ (d2
1 , 1/d2

2 , 1/d2
3 ),

which, however, do not change the absolute invariants of Γ !
Changing the order of si do will change the invariants of the curve.



The 3 Kötter curves

Γ = {w 2 = z(z − d2
1 )(z − d2

2 )(z − d2
3 )(z − d2

1 d2
2 d2

3 ) }
where

d2
α +

1

d2
α

= 2
Sα(14)(23) + Sα(24)(13)

S
(α)
(12)(34)

, α = 1, 2, 3

the permutations of the terms Sα(ij)(kl) are

Sα(12)(34) = (s1 − s2)(s3 − s4)(2c2
α − cα(s1 + s2 + s3 + s4) + s1s2 + s3s4 + 2ψ(cα)),

Sα(14)(23) = (s1 − s4)(s2 − s3)(2c2
α − cα(s1 + s2 + s3 + s4) + s1s4 + s2s3 + 2ψ(cα)),

Sα(24)(13) = (s2 − s4)(s1 − s3)(2c2
α − cα(s1 + s2 + s3 + s4) + s1s3 + s2s4 + 2ψ(cα)).

So, there are 3 birationally non-equivalent genus 2 Kötter curves
Gamma1, Γ2, Γ3.
How Prym(C/σ) ⊂ Jac(C ) and Jac(Γα) are related ?



Extracting the Prym variety from Jac(C ) (following J. Fay)

The involution σ : C → C with 4 fixed points Q1, . . . ,Q4.
Then C is a 2-fold covering π : C → E , E = C/σ (elliptic curve),
ramified at Q1, . . . ,Q4.

a b

A

B

ā

b̄

The involution σ rotates the whole surface by π and has 4 fixed points Q1, . . . , Q4

Action on cicles: σ(a) = −ā, σ(A) = −A, σ(b) = −b̄, σ(B) = −B,

Let u,w , ū be the corresponding normalized holomorphic differentials,
such that ∮

a
u

∮
A

u
∮
ā

u∮
a

w
∮
A

w
∮
ā

w∮
a

ū
∮
A

ū
∮
ā

ū

 = I, R =

 ∮
b

u
∮
B

u
∮
b̄

u∮
b

w
∮
B

w
∮
b̄

w∮
b

ū
∮
B

ū
∮
b̄

ū

 .



Extracting the Prym variety from Jac(C ) (II)

Apply 2 transformations of degree 2 on the period matrix:

(IR) = (V1 · · · V6) −→
{

V ′4 = V4 + V6

V ′6 = V4 − V6

}
−→

{
V ′1 = V1 + V3

V ′3 = V1 − V3

}

−→

 2 0 0 2π 2p 0
0 1 0 2p 2P 0
0 0 1 0 0 τ

 ← complete splitting

Hence Jac(C ) contains the (2,1) polarized Abelian subvariety Prym(C/σ)
with the normalized period matrix

Λ =

[
2 0
0 1

Π

]
, Π =

(
2π 2p
2p 2P

)
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Relations between Prym(C/σ) and different 2-dim.
Jacobians

The simplest transformations[
1 0
0 1

1

2
Π

]
∼=
[

2 0
0 2

Π

]
→2:1 Λ =

[
1 0
0 2

Π

]
→2:1

[
1 0
0 1

Π

]
The general case:

Λ→ Λ S D1 T ,

S ∈ Sp (4,Z, (1, 2)) , T ∈ Sp (4,Z) , D1 = diag(2, 1, 1, 1),

SJ(1,2)S
T = J(1,2), J(1,2) =


0 0 2 0
0 0 0 1
−2 0 0 0

0 −1 0 0


Def. A,B ∈ Sp(4,Z, (1, 2)) are D1-equivalent, when the principally
polarized period matrices ΛAD1, ΛBD1 are symplectically equivalent.



Proposition

There are at least 3 equivalence clases represented by matrices

S1 =


0 0 −1 −2
1 −1 −1 −2
1 0 0 2
0 0 0 −1

 , S2 =


0 0 −1 −2
1 −1 −1 −2
1 0 −1 0
0 0 0 −1

 , S3 = Id,

which give 3 non-equivalent principally polarized Abeian varieties
A1,A2,A3 (i.e., Jacobians) over Prym(C , σ) with the period matrices
Λ Si D1 T

Ω̃1 ∼
[

1 0 4 P 2 p
0 1 2 p π

]
, Ω̃2 ∼

[
1 0 P + 1

2 p
0 1 p π

]
,

Ω̃3 ∼
[

1 0 2 P 2 p
0 1 2 p 2π

]
• The equivalence classes {S1}, {S2},{S3} form a subgroup of
Sp(4,Z, (1, 2)).

• Another 3 (”lowering”) transformations Λ→ Λ Ŝi D−1
2 T ,

Ŝi ∈ Sp (4,Z, (1, 2)) give 3 non-equivalent Abelian varieties ”below”
Prym(C/σ).

Main Theorem {A1,A2,A3} = {Jac(Γ1), Jac(Γ2), Jac(Γ3)}.
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The puzzle of six Jacobians (II)

(
4 P 2 p
2 p π

) (
P + 1

2 p
p π

) (
π p
p P

)
S1 S2 S3(

1 0 2 P 2 p
0 2 2 p 2π

)
Ŝ1 Ŝ2 Ŝ3(

2P p
p π/2

) (
2P p
p 1+π

2

) (
2π 2p
2p 2P

)
S3 S2 S1(

1 0 π 2p
0 2 2p 4P

)
Ŝ3 Ŝ2 Ŝ1(

π 2 p
2 p 4P

) (
π p
p P + 1/2

) (
π p
p P

)
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A numerical test (I)

The 2-fold covering: genus 3 curve → elliptic curve (ramified at
Q1, . . . ,Q4)

C : {y 2 = x2 + 3x + 5 +
√

4x3 − 4x} → E : {z2 = 4x(x2 − 1)}
and the holomorphic differentials on C :

w1 =
dx

y(y 2 − x2 − 3x − 5)
, w2 =

x dx

y(y 2 − x2 − 3x − 5)
, ω =

dx

y 2 − x2 − 3x − 5
,

The curve C as 2-fold cover of E with anti-symmetic cycles on it:
σ(a1) = −a3, σ(a3) = −a1, σ(a2) = −a2

Q1

Q2

Q4

Q3

1

2

Q1

Q2

Q4

Q3

4

3

a1
b1

∞ ∞
a3

b3

a2b2

b2

black lines = cuts colour lines = cycles

solid/dashed lines on the upper/lower sheets



A numerical test(II)

To calculate the periods of w1,w2, introduce the elliptic parametrization

x = ℘(u, g2 = 4, g3 = 0),
√

4x3 − 4x = ℘′(u, g2 = 4, g3 = 0), u ∈ C

Then, on C , y 2 = ℘(u)2 + 3℘(u) + 5 + ℘′(u), dx = ℘′(u) du, and

w1 =
du√

℘(u)2 + 3℘(u) + 5 + ℘′(u)
, w2 =

℘(u) du√
℘(u)2 + 3℘(u) + 5 + ℘′(u)

.

q1

u

x = 1

x = 0
x = −1

x = −1

u = 2 ∗ 1.311.. (x =∞)

2−

1+

x = 1 u = 2 ∗ 1.311..+ 2 ∗ 1.311 ∗ I (x =∞)

q3

q4

q2

1−

2+

The elliptic curve E (its paralelogram of periods) and the branch points qi

b1

a1

u = 0 (x =∞)

q4

a2

q1

q2

q1

1−, 1+ = lower/upper half plane of the 1st x-sheet

x = 1

cycles are shown with blue curves

b2



A numerical test(III)

With the above choice of cycles, the period matrix of Jac(C ) is1:

A =

 0.3409731370 0.05372000635 I 0.3409731370
−0.1676806592 0.6218457230 I −0.1676806592

0.655514404 0 −0.655514404

 ,

B =

0.2557651545 I 0.2047172550 0.2557651545 I
0.1075742777 I −0.5928537135 0.1075742777 I
0.6555144040 I 0 −0.6555144040 I


A−1B = R =

 0.846695699 I 0.36000339 −0.1533043007 I
0.3599648533 0.759227705 I 0.359964853
−0.15330430078 I 0.36000339249 0.8466956992 I

 .

Hence, the period matrix of Prym(C/σ) is

Λ =

(
2 0 1.386782796 I 0.7200067850
0 1 0.7199297066 0.75922770504 I

)
.

1Thanks to H. Braden for confirming this !



The Prym period matrix:

Λ =

(
2 0 1.386782796 ∗ I 0.7200067850
0 1 0.7199297066 0.75922770504 ∗ I

)
.

The period matrix of the Jacobian of the Kötter hypereliptic curve:(
1 0 1 + 2.28721934 ∗ I −1− 1.36067850 ∗ I
0 1 −1− 1.3606786 ∗ I 1.4474683 ∗ I

)
.

Observation:
The transformation from Prym(C/σ) to Jac(Γ) is given by Λ→ ΛS1D1,

S1D1 =

 0 1 0 0
0 1 1 0
2 0 0 2

−1 0 0 0

 , det S1D1 = 2.

That is, in this example, the Jacobian of the Kötter curve Γ is a 2-fold
(unramified) covering of Prym(C/σ).
How to check this? Compare the 3 absolute j-invariants of ΛS1D1

(analytic) and of Jac(Γ) (algebraic).

j1 = 2.04896, j2 = −2.57195, j3 = 0.



Absolute invariants in terms of theta-constants

j1 = 144
J4

J2
2

, j2 = −1728
(J4J2 − 3J6)

J3
2

, j3 = 486
J10

J5
2

,

J2 = 48π12

∑
15 terms

∏
k=1,...,6,

∑
[εk ]=0

θ4[εk ]( ∏
6 odd [δ]

θ1[δ]

)2

J4 = 72π24

∑
10 even [ε]

θ8[εk ]
∏

10 even [ε]

θ4[ε]( ∏
6 odd [δ]

θ1[δ]

)4

J6 = 12π36

∑
60 terms

θ[ε]8
∑

6 terms [εk] 6=[ε],
∑

[εk]=0

6∏
k=1

θ4[εk ]( ∏
6 odd [δ]

θ1[δ]

)6



Absolute invariants in terms of the branch points of Γ

Let Γ : {w 2 = (z − e1) · · · (z − e6)}. Then

j1 = 144
J4

J2
2

, j2 = −1728
(J4J2 − 3J6)

J3
2

, j3 = 486
J10

J5
2

,

J2 = u2
0

∑
fifteen

(12)2(34)2(56)2

J4 = u4
0

∑
ten

(12)2(23)2(31)2(45)2(56)2(64)2

J6 = u6
0

∑
sixty

(12)2(23)2(31)2(45)2(56)2(64)2(14)2(25)2(36)2

J10 = u10
0

∏
j<k

(j , k)2,

where (i , j) = ei − ej .



The puzzle of six Jacobians

Consider two genus 3 curves

C : y 2 = P2(x) + 2h3

√
Φ(x), Φ(x) = (x − c1)(x − c2)(x − c3)(x − c4),

K : y 2 = P2(x) +
√

Ψ(x), Ψ(x) = P2
2 (x)− 4h2

3Φ(x)

= k(x − s1)(x − s2)(x − s3)(x − s4),

The coverings of even-order elliptic curves:

C −→ E = {z2 = Φ(x)} ramified at Qi = (si ,
√

Φ(si )),

K −→ E = {z2 = Ψ(x)} ramified at Pi = (ci ,
√

Ψ(ci ))

L. Heine: Prym(C , σ) and Prym(K , σ) are dual.

Jac(Γ̃1) Jac(Γ̃2) Jac(Γ̃3)
|| ↘ ↓ ↙ ||
|| Prym(C , σ) ||
⇓ ↙ ↓ ↘ ⇓

Jac(Γ1) Jac(Γ2) Jac(Γ3)
↘ ↓ ↙

Prym(K , σ)
↙ ↓ ↘

Jac(Γ̃1) Jac(Γ̃2) Jac(Γ̃3)



Conclusion

• We gave an algebraic description of the 2-dimensional Prym variety
Prym(C/σ) by relating it to 6 different genus 2 curves.

• The Clebsch system, the Euler top on SO(4), the Kovalevskaya top can
be linearized on 3 different hyperelliptic Jacobians.

This can be applied to an explicit integration of other problems (e.g.,
generalizations of the Kovalevskaya top, the Neumann systems of Stiefel
varieties).
• Our numerical test confirms the integration procedure of the Clebsch
system made by F. Kötter.




